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We report on an experiment that investigates the spatial mode conversion in the process of
parametric down-conversion seeded by a light beam in a superposition of orbital angular momentum
modes. This process is interpreted in terms of a geometric representation of first-order spatial modes
in a Poincare´ sphere, providing an intuitive image of the phase conjugation and the topological charge
conservation. We also make a comparison with the analogous phenomenon for optical parametric
oscillators.
PACS numbers: 42.50.Dv, 03.67.Mn
I. INTRODUCTION
Parametric down-conversion (PDC) is a nonlinear op-
tical process that has revolutionized the field of Quan-
tum Optics [1–3] and an important experimental tool for
investigating quantum entanglement and its applications
in Quantum Information and Computation [4]. This pro-
cess can be understood as the coupling between three op-
tical modes — pump (p), signal (s) and idler (i) — via a
χ(2) interaction inside a nonlinear crystal [5]. One pump
photon is converted into two photons, usually called sig-
nal and idler, in an almost elastic process, so that en-
ergy (ωp = ωs + ωi) and momentum (~kp = ~ks + ~ki) are
conserved (see Figure 1a). This system presents several
quantum signatures, in the sense that there is no classi-
cal counterpart for its behavior. The emission of signal
and idler photons can occur spontaneously, which can-
not be explained by classical nonlinear optics. Moreover,
the simple fact that one measures coincidences between
signal and idler photons arriving to two different pho-
ton counters with a high enough coincidence counting
rate indicates that a classical inequality is violated [6].
Other quantum signatures stem from the correlations be-
tween transverse components of the wavevectors of the
signal and idler photons [2]. In addition to the quantum
properties that can be observed in sources of paramet-
ric down-conversion without any special arrangement,
one can also prepare and measure entanglement in other
degrees of freedom, such as polarization. Polarization-
entangled photon pairs can be prepared using a few dif-
ferent schemes [7, 8] and are one of the most important
experimental resources in Quantum Information Science.
The parametric down-conversion process can be stim-
ulated in at least two ways. One method consists in plac-
ing the crystal inside an optical cavity, resulting in the
so-called optical parametric oscillator (OPO) [9]. This
device emits light beams that are quantum correlated in
their intensities and phases [10, 11] and has also found
crucial applications in Quantum Information Science [12].
Another way of stimulating parametric down-conversion
is by simply aligning an auxiliary laser with one of the
down-converted beams [13], as illustrated in Figure 1b.
When spontaneous emission takes place, there is a very
broad range of accessible modes in which the emission
occurs. In the presence of the auxiliary laser field, a nar-
rower range of modes is privileged by stimulated emis-
sion. This stimulation in the signal direction also affects
the emission rate in its counterpart, the idler, which is
indirectly intensified. We refer to this process as stimu-
lated parametric down-conversion (StimPDC).
The intensified light emitted by StimPDC has been
studied from the perspective of its coherence properties
[13] and its transverse spatial characteristics [14]. Most of
the physical properties of the stimulated light can be de-
scribed classically, even though quantum properties ap-
pear if proper detection schemes are implemented. One
example is the photon addition experiment [15]. Also of
great interest are the transverse spatial properties of the
light beams involved in StimPDC. It is known that im-
ages and angular spectra are transferred from the pump
to signal and idler in the process [14], as well as the or-
bital angular momentum [16]. Moreover, the phase anti-
correlation imposes phase conjugation of the idler beam
with respect to the auxiliary stimulating laser, and this
has some counterintuitive consequences [17].
Here, we perform a StimPDC experiment in which the
pump is a Gaussian mode and the signal is seeded by
an auxiliary beam prepared in a general superposition
of the first-order Laguerre-Gaussian (LG) modes. The
set of such superpositions allows for a simple geometrical
representation in a Poincare´ sphere [18], where each point
in its surface corresponds to a specific coherent superpos-
tition of first-order modes. We show that, due to phase
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FIG. 1: Schemes for (a) spontaneous parametric down-
conversion (SPDC) and (b) stimulated parametric down-
conversion (StimPDC). In SPDC, a nonlinear χ(2) crystal
(NLC) is pumped by an intense laser, producing pairs of
entangled photons in various directions with different wave-
lengths that form a cone barely visible to the naked eye. In
StimPDC, a laser prepared in the appropriate mode (cor-
rect wavelength, polarization and direction) interacts with the
pump inside the crystal, enhancing the conversion of pump
photons into signal and idler photons in a given pair of direc-
tions.
conjugation, the points representing the signal and idler
modes in the Poincare´ sphere are the specular reflection
of each other with respect to the equatorial plane of the
sphere. These results are equivalent to those obtained in
references [19, 20] for an OPO. The mode coupling for
the processes with and without a cavity is very differ-
ent due to the constraints imposed by the cavity mirrors
and geometry. We make a comparison between the two
processes.
II. STIMULATED DOWN-CONVERSION
Fig. 1b shows the scheme for StimPDC, which needs
an auxiliary laser, here also called signal, in addition to
the pump and the nonlinear crystal. In reference [14], the
intensity of the idler beam as a function of the transverse
position, under the paraxial and thin-crystal approxima-
tions, is derived as:
I(ρi) ∝
∫
dρ |Ep(ρ)|2+
+
∣∣∣∣∫ dρ Ep(ρ)E∗s (ρ) exp(i |ρi − ρ|2 ki2z
)∣∣∣∣2 , (1)
where Ep (Es) is the amplitude envelope of the pump (sig-
nal) field at the transverse position ρ in the plane of the
crystal; ρi is a vector defining a position in a plane trans-
verse to the propagation of the idler beam, situated at a
distance z from the crystal; and ki is the idler wavenum-
ber.
The first term on the right of Eq. (1) describes the
spontaneous emission that is always present in the pro-
cess, whether it is stimulated or not. The second term
describes the stimulated emission component. We can
see that it is given by the product between the pump
and the complex conjugate of the signal transverse field
distributions in the crystal. The result of this product
is the idler transverse field distribution, which is freely
propagated from the crystal to the detection plane.
The contribution from stimulated emission is often
much more significant than the one from spontaneous
emission. It suffices that the auxiliary laser is intense,
which is typically the case, since a few milliwatts of stim-
ulating laser is enough to make the stimulated emission
∼ 102 times more intense than the spontaneous emission,
which may then be neglected.
Let us suppose that the auxiliary laser is prepared in
an arbitrary superposition of first-order Laguerre-Gauss
modes:
Es(ρ) = cos θ
2
LG+(ρ) + e
iφ sin
θ
2
LG−(ρ), (2)
where the angle θ determines the weight of each mode and
φ is the relative phase between them. Here LG± refers
to the first-order Laguerre Gauss mode with topological
charge ±1. Let us also suppose that the pump field is
a well collimated and large enough beam so that Ep(ρ)
can be considered approximately constant. In this case,
if we can neglect the spontaneous emission term in Eq.
(1), the idler intensity will be:
I(ρi) ∝
∣∣∣∣∫ dρ [cos θ2LG+(ρ) + eiφ sin θ2LG−(ρ)
]∗
× exp
(
i |ρi − ρ|2
ki
2z
)∣∣∣∣2 . (3)
The above integral corresponds to a free paraxial propa-
gation over a distance z with wavenumber ki. Now, LG
modes are invariant under paraxial propagation, except
for a scaling factor a, which depends on the initial beam
waist and on the propagation distance. Therefore, the
idler intensity at a plane situated at a distance z from
the crystal simplifies to:
I(ρi) ∝
∣∣∣∣cos θ2LG−(aρi) + e−iφ sin θ2LG+(aρi)
∣∣∣∣2
=
∣∣∣∣cos pi − θ2 LG+(aρi) + eiφ sin pi − θ2 LG−(aρi)
∣∣∣∣2. (4)
We see that idler remains a superposition of Laguerre-
Gauss modes and the modal structure of the field de-
scribed by Eq. (4) resembles that of Eq. (2): the weights
of the positive and negative LG modes are interchanged,
but their relative phase remains constant. In summary,
under the realistic approximations discussed above, the
phase conjugation imposes that:
θi = pi − θs, (5)
φi = φs. (6)
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FIG. 2: (a) Optical first-order Gaussian modes geometrically
represented in a Poincare´ sphere. (b) Using a horizontally
tilted lens, one can apply, to any given mode on the sphere,
a pi/2 rotation around the axis defined by Hermite-Gaussian
modes TEM10 and TEM01.
III. GEOMETRICAL INTERPRETATION
Similarly to the Bloch sphere, used as a geometri-
cal representation of the pure state space of a qubit,
the Poincare´ sphere is a useful graphical tool for pic-
turing different types of polarized light. Each point in
the sphere represents one type of polarization (among
linear, circular and elliptical), so that one can visual-
ize unitary dynamics of the system as a trajectory on
its surface. An analogy between polarization modes and
Gaussian beams can be made, where linear polarization
modes correspond to first-order Hermite-Gaussian modes
and circular polarization modes correspond to first-order
Laguerre-Gaussian modes [18]. Figure 2a depicts the
Poincare´ sphere for Gaussian modes as described above.
The angle θ in Eq. (2) now plays the role of the polar
angle in spherical coordinates, while φ corresponds to the
azimuthal angle.
This analogy provides a geometrical representation
where the trajectories in the sphere are associated with
mode conversion. In Ref. [19], the mode conversion was
theoretically analyzed for an optical parametric oscilla-
tor and interpreted in terms of the Poincare´ sphere. It
is shown that the idler beam is described by a point in
the sphere that is the specular reflection of the signal
with respect to the equatorial plane. An experimental
demonstration of this phenomenon came recently in [20].
Eqs. (5) and (6) show that the same effect can be ob-
served in stimulated down-conversion without a cavity.
The main difference between the OPO and StimPDC
concerns the mode coupling in the parametric process.
While, in StimPDC, only the phase matching conditions
and mode overlap rule mode coupling, in the OPO, there
are additional constraints imposed by the cavity mirrors
and geometry that may suppress or enhance the strength
of the coupling.
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FIG. 3: Experimental setup. A 405-nm laser pumps a non-
linear crystal (NLC), while a 780-nm laser (aux) seeds the
parametric interaction after being reflected by a spatial light
modulator (SLM). Two charge-coupled devices (CCD1 and
CCD2) register the intensity profiles of signal and idler beams.
Each CCD camera is placed at the focal plane of a spherical
lens (f).
IV. EXPERIMENT
Fig. 3 shows a sketch of the experimental set-up. A
405 nm diode laser is used to pump a BBO crystal and
produce parametric down-conversion. Within the spon-
taneous emission cone, we select signal and idler beams
at 780 nm and 840 nm, respectively, using 10-nm band-
width interference filters prior to detection. The angle
between the pump linear polarization and the optical axis
of the crystal is chosen in such a way that the directions
of propagation of signal and idler beams make an angle
of ' 4◦ with the pump beam direction.
We start counting photons with single-photon counting
modules and measuring coincidences between the time of
detection of signal and idler photons, in order to iden-
tify their respective directions. The correct directions
are recognized when the coincidence counting is maxi-
mum. The next step is to align the auxiliary laser (a
diode laser at 780 nm) along the path of the signal beam.
At this point the photon counters are replaced with CCD
cameras, so that we can take pictures of the signal and
idler transverse profiles. The use of CCD cameras in-
stead of photon counters is possible because the stimu-
lated emission greatly enhances the intensity of the idler
beam. This considerably improves the efficiency of the
experimental procedure in terms of alignment and mea-
surement time, as compared to experiments where only
single-photon counting modules are used.
Before the auxiliary laser is sent to the crystal, it is
reflected by a phase-only spatial light modulator (SLM),
so that we can prepare its transverse profile with high
versatility. We use it to prepare superpositions of modes
described by Eq. (2) to a good approximation, with the
ability of varying θ and φ on demand. The measurement
results are images of the signal and idler profiles.
We first show results illustrating the conservation of
4FIG. 4: Experimental results showing OAM conservation with
the help of a tilted lens, which reveals the sign of the topolog-
ical charge. The faint vertical blue band on the idler profile
is a small arc of the spontaneous emission light cone.
orbital angular momentum (OAM) in the StimPDC pro-
cess and recall the tilted-lens method [21] for detecting
the sign of the topological charge of a mode. In Stim-
PDC, when the auxiliary beam is prepared with topo-
logical charge `, the idler’s is −` [16]. Figure 4 shows
the cases ` = 1 and ` = 2. As we can see, after passing
through a tilted lens and undergoing some propagation, a
mode with positive (negative) charge acquires the shape
of a Hermite-Gaussian mode with dark fringes extended
along an axis with a negative (positive) slope, as indi-
cated by the dashed white lines. The number of dark
fringes acquired by the beam is equal to its topological
charge.
Within the subspace of first-order Gaussian modes, the
action of a horizontally tilted lens has an interesting geo-
metrical interpretation on the Poincare´ sphere: it rotates
any mode by an angle pi/2 around the axis on which lie its
two eigenmodes (TEM10 and TEM01). As a consequence,
any mode lying on the φ = 0 meridian is mapped by the
tilted lens onto the equator of the sphere (see Figure 2b).
We have used this property to demonstrate the symmetry
described in the previous section for the case of modes
along the φ = 0 meridian. The experimental results are
shown in Figure 5, in which the polar angle of the aux-
iliary beam is varied from 0 to pi (North pole to South
pole), while we observe the formation of an idler beam
going from South pole to the North Pole, at the same
pace but in the opposite direction. This shows signal
and idler are specular images of each other with respect
to the equatorial plane.
In Figure 6, we can see four columns of pictures. The
first and third are the profile of the auxiliary laser as
captured by the camera when one keeps its polar angle
θ = pi/2 and continuously changes the azimuthal angle
φ from 0 to 2pi. The second and fourth columns corre-
spond to the idler beam. We can see that all patterns
look like Hermite-Gaussian beams and their symmetry
axes rotate as φ is incremented. This means that the
idler beam follows the signal along the Equator, which is
another demonstration of the equatorial plane symmetry
in StimPDC.
FIG. 5: Experimental results along the φ = 0 meridian. On
the left, intensity profiles of the free propagating beams. On
the right, intensity profiles obtained after a tilted lens, show-
ing opposite paths on the Poincare´ sphere.
FIG. 6: Experimental results around the equator of the
Poincare´ sphere (θ = pi/2).
We note that our experimental results confirm what
is known concerning conservation of OAM in the gener-
ation of LG modes [22, 23] and parity conservation of
Hermite-Gaussian modes [24, 25] in spontaneous para-
metric down-conversion.
5V. CONCLUSION
In conclusion, we have investigated experimentally the
mode conversion in the process of stimulated paramet-
ric down-conversion without a cavity. In our analysis,
we have prepared superpositions of first-order Laguerre-
Gaussian modes with variable weights and relative phase
and measured the stimulated beam obtained in the idler
mode. We interpret the evolution of the light modes
in the Poincare´ sphere for the first-order Laguerre and
Hermite-Gaussian beams in analogy to circular and lin-
ear polarization states. The trajectories of the signal and
idler beams in the sphere are related by a specular reflec-
tion, highlighting the phase conjugation between these
two spatial modes imposed by the phase matching in the
parametric interaction.
These results can also be interpreted in terms of the
Advanced-Wave Picture (AWP) for StimPDC [26], in
which the idler wave is the equivalent of the signal ad-
vanced wave being reflected by the pump wavefront at
the crystal plane. Applying the AWP to our specific case,
the idler must be the equivalent of the reflection of the
signal by a plane mirror. Indeed, that is exactly what is
observed experimentally: idler and signal fields present
the same intensity distribution but opposite topological
charge. It is important to note that the AWP is also a
consequence of phase conjugation.
The tilted lens method was utilized to locate the hemi-
sphere of the modes when considering the trajectory
φ = 0 on the Poincare´ sphere. General trajectories may
be explored provided that the lens tilt is controlled in
other directions, as in [27].
Arriving at a similar geometrical interpretation of
StimPDC when both the pump and auxiliary lasers are
prepared in superpositions of LG modes could be an in-
teresting avenue for future work.
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